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CONSTRUCTION OF COHOMOLOGY OF DISCRETE GROUPS

Y. L. TONG AND S. P. WANG

ABSTRACT. A correspondence between Hermitian modular forms and vector
valued harmonic forms in locally symmetric spaces associated to U(p,q) is
constructed and also shown in general to be nonzero. The construction utilizes
Rallis-Schiffmann type theta functions and simplified arguments to circumvent
differential geometric calculations used previously in related problems.

Introduction. In our previous papers [T.W.2—4, W.1, 2] and that of Kudla-
Millson [K.M.1, 2] various cases are proved about correspondences of harmonic
forms on locally symmetric spaces dual to geodesic cycles on the one hand, and
Siegel, Hermitian, or quaternionic modular forms on the other hand. The existence
of such correspondences is based on R. Howe’s theory of decomposition of the
oscillator representation on reductive dual pairs [Ho.1, 2]. However, while the
general theory has a simple representation theoretic description, cf. [H.-P.S., §2],
this description is pretty much lost in the previous works on correspondences of
cycles and modular forms. This is mainly due to technicalities in constructing
harmonic forms and then passing from harmonic forms to cycles.

The purpose of this paper is twofold. First of all in terms of results we generalize
[T.W.4] to U(p,q), and in fact we generalize to harmonic forms with coefficients
in locally constant vector bundles. We also prove these harmonic forms can be
nonzero. Secondly, in terms of methodology, and this is perhaps an equally sig-
nificant point, we show that the correspondence of cycles and modular forms has
a straightforward representation theoretic description. This description consists of
the following ingredients.

1. Construction of some functions on the matrix space Mp4q,(C) which are
in the discrete spectrum of the reductive dual pair U(p,q) x U(r,r) and are
(U(p) x U(q)) x (U(r) x U(r)) finite. These functions are of highest weight for
U(r,r) and are generalizations of the Rallis-Schiffmann functions [R.S.1, 2, L.V.].
These functions determine some pieces of the representation correspondence. If
convergence holds, the theta distribution applied to such functions then gives the
theta kernels used for “global” correspondence. It is an easy argument [B.W.,
VIII] to show that the theta kernels are in general nonzero.

2. Construction of an intertwining map w}(Z), X € Mp4,.(C), Z € D =
U(p,q)/(U(p) x U(q)), from the representation space of U(p,q) in 1 above to a
space of harmonic forms on D with coefficients in a locally constant bundle E).

3. For an arithmetic discrete subgroup I' C G = U(p,q) determination of the
cohomology class of &% on T'\ D where &% = qurx\r‘ 7*&%, I'x =T NGx, and
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736 Y. L. TONG AND S. P. WANG

Gx C G fixes X. Thus for any E} valued harmonic form ¢ on I'\ D we prove

/ Ox Ao =/ X (plex)
r'\p Cx
A

where 0% is a section of E) over a complex geodesic cycle Cx C I'\ D. By
Serre duality the cohomology class of &3} is then determined. Previously in the
case E5 = C this equality was proved using Chern’s trangression formulas and
relating wx to geometrically constructed dual forms. All these required extensive
calculations. In this paper, we show that the equality is in fact a consequence of
an invariant characterization of w (Theorem 4.8) and a simple pairing argument
(Lemma 5.6).

The interpretation of liftings of higher weight modular forms as cohomology
classes represented (in the language of currents) by sections of bundles supported
on cycles have also appeared in Hilbert modular surfaces [T]. In that case, another
interpretation [G] is that the higher weight forms correspond to cycles in certain
Kuga fiber spaces. It is likely that similar interpretations are possible for the
harmonic forms constructed here.

Due to convergence problems our nonvanishing results do not include the case
E, = C. If convergence were to hold we note that

0 # &%(Z) = m2(¥(Cx))

where ¥ (Cx) is the harmonic form Poincaré dual to the algebraic cycle Cx and 7z
is the pointwise projection to the Kz (isotropy subgroup at Z) irreducible subspace
of weight

(q'.'q’o‘.'oy_q'.._q)(O."O)'

It would then be an interesting question to decide if @} (Z) (or other similar har-
monic forms with a more complicated K type) is dual to an algebraic cycle.

In [T.W.5] we showed a much wider range of nonvanishing cohomology on
'\ D. In the dual pair correspondence and on the level of representations these are
essentially all the ones that correspond to holomorphic discrete series of U(r,r). It
is interesting to see if geometric representatives for these cohomology can also be
found.

As representations of SU(p,q) the spaces of harmonic forms considered here
and their natural generalizations are Flensted-Jensen representations [F.1] for a
semisimple symmetric space G/H. (H = S(U(r) x U(p — r,q)) for this paper.) In
particular, the uniqueness in Theorem 4.8 is closely related to the fact that these
representations should have multiplicity 1 in L2(G/H) [F.2]. We are, however,
unable to make use of the integral formula of Flensted-Jensen functions for present
purposes since it is given in the dual G°/H° while we need the functions on the
matrix space Mp4q.-(C).

It may be relevant to mention that in [K.M.2] by quite different techniques
certain representatives ¢ of continuous cohomology classes are constructed which
in the present context of unitary groups give (] € Hy(U(p,q), S(Mp4q,r(C))a),
where § indicates the Schwartz space and the subscript a means twisting by a
character. A natural question (a question to that effect is posed in [K.M.2]) is to
determine the representation spaces of U(p, ¢) and U(r,r) spanned by the translates



COHOMOLOGY OF DISCRETE GROUPS 737

of . By comparing the cohomology degrees it is easy to see that the space discussed
in 1 above which is spanned by wx (Z)e=27 tr(X:X) (cf. §1.1 for notation) should give
a distinguished subspace in that of .

The methods used here also work for the reductive dual pairs (O(p, q), Sp(r, R)),
(Sp(p, q),0*(2r)). Our results also extend to compact quotients, the readers may
consult [T.W.2, 5, W.1] for the details to formulate such results. We should em-
phasize that in these papers as well as in [K.M.1, 2] the theta kernel is always
gotten by summing a Schwartz function, but the Schwartz functions are not in the
discrete spectrum. The Rallis-Schiffmann functions are not Schwartz functions,
thus some care is needed in summing, but it has considerable advantages in repre-
sentation questions since it is in the discrete spectrum. We are indebted to [L.V]
for a thorough exposition of the approach of Rallis-Schiffmann.

1. Some functions in the discrete spectrum of U(p,q) x U(r,r).

1.1. We define certain functions in the discrete spectrum of the dual pair U(p, ¢) x
U(r,r) and compute the eigenvalues of Casimir operators acting on them. The
functions are generalizations of the Rallis-Schiffmann functions studied in [R.S.1,
2] for the pair O(p,q) x SL(2,R).

Let G =U(p,q) (p+ g =n) and let g be its Lie algebra. G leaves invariant the
Hermitian form on C™ given by

@i="2(" _p )

Let V = My, (C) denote the space of n X r complex matrices. Let X = (X;;) €V
be the usual row and column coordinates and let X; denote the jth column of X.
We let

d:
0

— = <1<

39X, 0Xi; |, 1<i<n,

n n
a - - 0

Ll] = sz"—» Lz] = Xki—=,
; 0X; = Xy,

a 9 ) L 9?2 i 9?2
<3Xi ’ an I;l 37]“'3)(;5]‘ k=Zp-:l-l afkianj ’

Let ! be the left action of G on the smooth function of V, i.e.
Wg)f(z)=f(g"'z), g€G, XeV.

Then the induced action of the Casimir C(p,q) of G is given by [T.W.5, Lemma
1.12).

(1) (C(p9) = D (LijLji+LiLji)+(n—1)Y (Lii+ L)

1<i,j<r i

o 0
-2 ) (XX)) (ax ax)

1<7,5<r
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1.2. Let GL(p,C) x GL(r,C) x GL(r, C) act on functions on Mp,(C) X M, (C)
by

(1) (9, A,B)f(z,y) = f(g"'zA,'gy'B7").
Let

a

Ti1 - T1ir Yp—r+11 " Yp—r+ir
(2)  faplz,y) =det| : det : :

Tri o Ter Ypr  Ypr
then f, 4 is a pluriharmonic polynomial [K.V., (6.1)]. On the set of pluriharmonic
polynomials the representation (1) is the complexification of the representation of
U(p) x U(r) x U(r) acting by

(3) (9:4,B)f(X,X) = f(97' XA, g7'XB).

We parametrize the irreducible representation of GL(p, C) by its highest weight
w.r.t lower triangular Borel subgroups and that of GL(r, C) x GL(r, C) w.r.t. prod-
uct of upper triangular Borel subgroups. Then f, 5(z,y) is a highest weight vector
with weight

T T

e N, P
(4) (b,...,b,0,...,0,~-a,...,—a) for GL(p,C)
and
(5) (a,...,a)® (=b,...,—b) for GL(r,C) x GL(r,C).

1.3. For X € M,,(C), let X4 = (X;;), 1 <7 < p. Thus X; € M, (C). Also
let X ; be the jth column of X,. (X, X, ) then denotes the r X r matrix whose
(¢,7)th entry is *X 4, X, . We shall consider the action of {(C(p, ¢)) on the function

(1) faps(X) = det(X4, X4)° fap (X4, X 4).
First of all since fg s is invariant under SU(r),

Lijfaps=0 and Lijfaps=0, i#].
Next by counting degrees
(2) Liifaps =1(a+5), Liifaps=r(b+s).

It remains to compute the action of (0/0X;,0/0X;). Let Adj(X4,X4):; be the
(¢,7)th entry in the adjoint matrix of (X4, X5 ).

LEMMA.
0 0 . .
(3_Xi’ 8_X]) det(X4,X4)* =s(p—r+s)det(Xy, X+)* 1 Adj( X4, X4 )45

PROOF. A direct calculation gives
d 0 s -2
- = — s(s — X, )®
(6X,~’ an>det(X+,X+) s(s — 1) det(X4, X4)
XY (Xpy X)) Adi(X g, X4 )k Adj(X 4, X4) 52
k.l
+s(p—r+1)det(Xy, X4)* P A (X4, X4 )45
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Since (8/0X;,8/0X;) annihilates the pluriharmonic function f, 5(X, X) we have
by straightforward calculation using the lemma:

® (35 foreX) = slatbrp—r 4 )fun(Xe Xo)
X Adj( X4, X+)ij det(X4, X4)° "
In particular f, p s is pluriharmonic if s = —(a+b+p —r1).
PROPOSITION. Let s=—(a+b+p—r). Then
UC(p, ) faps =r{lp—r+a)la—q)+ (p—7+b)(b— )} fap,s-

PROOF. f, 5 has degree —(p —r + a) in X and degree —(p — r +b) in X .
The result is then a consequence of 1.1(1), 1.3(3) and the remark preceding the
proposition.

COROLLARY. Let h(X) be a pluriharmonic polynomial in the space with high-
est weight 1.2(4) and let
s=—(a+b+p—r).
Then I(C(p,q)) acting on h(X,)det(X4,X+)® has the same eigenvalue as in the
proposition.

PROOF. h(X) is also annihilated by (9/0X;,d/0X;) and has the same homo-
geneous degrees as f, . The same computations can be applied.

1.4. For X € V, let (X, X) be the r x r matrix whose (7, 7)th entry is (X;, X;).
We consider the function

(1) Papt(X) =det(X,X) faps(X) wheres=—(a+b+p—r).

Since det(X, X) is a G-invariant function, @, remains as an eigenfunction for
l(C(p,q)) with the same eigenvalue as in Proposition 1.3. We are interested in
finding values of t # 0, such that g 3, is pluriharmonic. Using the fact that fo 5 s
is pluriharmonic, a calculation identical to 1.3(3) and Lemma 1.3 shows that

0 0
(B_X,»’ a—)—{;) Pabt(X)=t(-p+g+r+t—a-1>)
X det(X’ X)t_l Adj(X’ X)ijfa,b,s(X)-

Thus @, p,¢(X) is pluriharmonic if ¢ = p — g —r + a + b. We introduce the following
definition:

©a,b,t(X), t=p—qg—-r+a+b if (X,X) >0,
(2) Soa,b(X)={ abt( ) p—q ( )

0 if (X, X) # 0.

1.5. The generalized Rallis-Schiffmann function is pg 4(X)e™27(X:X) | Tt will
be shown in §2 that this function is in L2(V') for a, b sufficiently large.

As in [T.W.5, §3] let
0 I
Jr - (_Ir 0 ) )

U(J;) ={9 € GL(2r,C)|g*Jg = J}.

and
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For
N
V2 \V-11, I, ’
a maximal compact subgroup of U(J,) is {k(z,y) = a(z,y)a"|(z,y) € U(r) x
U(r)}. Let ro(g), g € U(J,), be the modified Weil (oscillator) representation acting
on L*(V) [T.W.5, §9.2]. We shall also denote by ro(X) the induced operator for
X in the Lie algebra of U(J,).

LEMMA. Let F(X,X) be a pluriharmonic function. Then
ro(R(z, 1)) F(X, X)e=27 X% = (X2, Xy~) det(y) ™e27 H00X),

PROOF. This is an analogue of [T.W.5, Proposition 9.10] and proved in the

same manner. Note the only difference is that we have here e~ 27 t*(X:X) instead of
the e~ 27 tr(X,X)o in [T.W.5, 9.5(1)]. Then [T.W.5, Lemma 9.9] should be replaced
by: for a* = —a € M, ,.(C)

ro(k(a, 0)F(X, X)e 2" (X X) = F(Xa,X)e 2 tr(X:X)
and
ro(k(0,a))F(X, X)e~ 2" (XX) = {_ntr(a)F(X,X) + F(X, Xa*)}e 27 r(XX),
From these the lemma follows.
COROLLARY. Let h(Xy) be as in Corollary 1.3 and
©(X) = h(Xy) det(Xy, X4 )~ @FT0+P=7) det (X, X)2To+P—7—9,
Then
ro(r(z,4))(X)e ™2™ HXX) = det(z)°71 det(y) " OHIip(X)e 2T HXX),
2. Square integrability and summability properties.
2.1. We examine the square integrability of the function v, (X
PROPOSITION. If a +b > 2q, then pq p(X)e 27 (XX) € L2(V).

PROOF. Let X = (¥*) € V, X1 € M, (C), X_- € My (C) and let {dX,}
({dX_}) be the Euclidean volume elements for M,,(C) (My,(C)). Since by [T.W.
5, §4]

)6—21rtr(X,X)‘

|fas(X, X)|? < det(X4, X )t

the square integrability of v, 5(X)e=27t(X:X) will follow from the convergence of
the integral
(1) ey Get(X4, X1)7 det(X, X)Te4m (XX fax, }{dX_}
(x,)%v>o
where 0 = —2(p—r)—(a+b) and r =2(p—qg—r+a+b).
Let ¢ = (X4,X4) and (X_,X_) be the r x r matrix :X_X_. By Lemma A.1
of the appendix (1) equals

(2) det(¢)° P " det(¢ — (X, X_)) e 4"~ (X=X ge faX_},

¢—(X-,X_)>0
X_€M,-(C) X_ € M, (C).

We now divide into two cases.
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Case 1. ¢ > r. Let € = (X_,X_). Then using Lemma A.1 one more time we
are reduced to

(3) / det(¢)7+P" det(s — £)7e " (70 det(£)77" dg d¢
¢>£2>0
- / det(n + £)7+7" det(n)"e=4™ ¥ det(€)2~" dn dE.
€20
Consider 7>0
(4) det(£)?7" det(n + £)7 P77 d¢.
£20

Since ¢ > r the integrand is continuous at det £ = 0. And since p > q, a + b > 2gq,
we have

o+p+q—-2r=-2(p—-r)—(a+b)+p+qg—2r < —(a+b) < -2r.

The integral in (4) converges by [H, p. 38]. Make the change of variable £ = nY;
then (4) is given by cdet(n)?~7—(P~7)=(a+b)  The convergence of (3) now reduces
to that of
det(n)p—2r+a+b—-qe—41r trn d77~
n>0

Since p > 2r and a + b > ¢ the proof is complete.

Case 2. q < r. As before (X_,X_)=*X_X_,butlet £ = X_tX_ (agxgq
matrix) and n = ¢ — (X_, X_). Then (2) reduces to

(5) / det(¢)°+P~" det(n) e *" ¥ " det(€)" "9 dn d¢.

750
Since 7 > 0 and (X_,X_) > 0 we may simultaneously diagonalize both matrices.
And since (X_,X_) has rank < gq, we clearly have det(¢) > det(n) and det(¢) >
P(n)det(), where P(n) is a monomial in the eigenvalues of 7 of degree r — q. We
split the domain £ > 0 into I > £ > 0 and & > I; then

det(¢)7 P~ det (€)™ d¢
€20

< Cdet(n)°+?P~T + / det(¢)7 P77 det(€) " d¢
§21

< Cdet(n)?tP~" + P(n)°t?P~" / det(£)7+P94¢.
§21

The convergence of | e>1 det(£)°tP~9d¢ is as in Case 1. It suffices then to consider
frr>0 det(n) totP-Te=dmtrndy But r+0+p—r=a+b—2q+p—r where p > 2r
and a + b > 2q, the convergence of the integral follows.

REMARK. It can be shown that under the hypothesis a + b > 2q the function
Pap(X)e™ (XX is continuous (cf. [L.V., p. 228]).

2.2. Let k be a purely imaginary quadratic field over Q. Let Wi be a p + ¢
dimensional vector space over k ( , ); Wi X Wy — K a nondegenerate Hermitian
form conjugate linear in the first variable. Let W = W, ®q R and ( , ) is extended
to a Hermitian form on W. We assume its signature to be (p, q). Let O be the ring



742 Y. L. TONG AND S. P. WANG

of integers of k and Lo an O lattice of Wy, such that (Lo, Lo) C O. Then Ly is
contained in its dual lattice

Lo = {w € W|trg,q(w, Lo) € Z}.
Now let V =W, L be a multiple of L{, and
L* = {veV|trg/r tr(v,L) C Z}.

It follows by our hypothesis that L C L*. We may choose a basis {e1,...,e,} in
Wi to diagonalize ( , ) so that it is positive definite on W, = (e1,...,ep) C W,
and negative definite on W_ = (ep41,...,e,) C W. Using this basis we identify V
with My, (C). V4 = W1 with M,,(C) and V_ = W’ with M,,(C). We also have
L=L+®L_, L+ =LﬂV+ and L_ =LﬂV_

2.3. Some lemmas are proved here and in the next section to be used later for
discussions on summability.

LEMMA. (i) Suppose A, B are r x r Hermitian matrices such that A > 0 and

B >0. Then

det A
< A .
— tr(A+ B) < det(4+ B)

(ii) Let A be as in (i). Then for o > qr

o tr(A+ (X-, X)) < Ctr(A)™7H,
X_€eL_

where C is a constant independent of A.
PROOF. (i) This is equivalent to
tr(B) < tr(A){det(I + A~'B) - I}.

We have

det(I+ A™'B) = Ztr/\ (A"'B),
720

and since A=!B >0, tr A’ (A~ B) > 0. It suffices then to show that
tr(B) < tr(A) tr(A™!B).

But we can find R € GL(r,C) such that A = ‘RR, B ='RDR, where D > 0 is a
diagonal matrix. Then tr(A~!B) = tr(D) and the above inequality follows readily.
(i) The series can be compared with the integral

tr A + X,i|? dX;;
/Mq,(C)( > ul) (4X,,)

1".7
for which the desired inequality follows by a change of variable.
2.4. LEMMA. (i) Let A be as in the preceding lemma. Then

Y det(Xy,X1)77 < Cdet(A)7F7.

Xy+€Ly
(X4, X4)=A
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(ii) Let A be as above, and Y. € V. Then

> det(Xy4 + Vi, X4 +Y4)™% < Cdet(4)~oFPFT.

X+€Ly
(X4+4Y4, X4 +Y4)=A

PROOF. (i) The Hermitian form ( , ) restricted to Ly is positive definite. It is
a standard fact that the numbers Card{X; € L, (X+,X+) = A} are the Fourier
coefficients of a Hermitian modular form of genus r and weight p. The inequality
Card{X; € L;,(X4+,X+) = A} < Cdet(A)P then follows from usual estimates
(cf. [Ma]).

(ii) We have

(X4, X4) = (Yo, Y3) S (X4 + Yy, X0 +Yy) < (X, X)) + (Y4, Y5).
It follows that
Card{Xy € Ly; (X4 + Yy, X4 +Y4) = A}
< Card{Xi € LysA— (Y4, Yy) < (X4, X4) S A+ (Y, Y4)}
< Cdet(A)P*,

where the last inequality follows from (i) and the fact that det(v)™" {dv} is the
invariant volume element on positive Hermitian matrices.

2.5. PROPOSITION. Leto < —(p+gqr) and 7= —0 —q+u, u > 0. Then the
series

(1) 3 det(Xy, X1)7 det(X, X)Te 2 tr(XX)
XeL
(X,X)>0
converges.

PROOF. Let n = (X, X) = (X+,X4+) — (X-,X_) and let H;}(O) denote the set
of positive Hermitian r X 7 matrices with coefficients in 0. Series (1) is majorized
by

(2) > det(n)Te?m ) D det(X4, X1 ).
n€H} (0) Xt+€Ly
X_€L_ (X+,.X4+)=n+(X-,X_)

For a fixed  we have by Lemma 2.4(i) and 2.3
> > det(Xy, X4)° < ) det(n + (X_, X))+

X_€L- X+EL, X_€eL_
(X+,X+)=1]+(X_ ,X—)

o+
S(detn) P Z tr(n + (X_, X))+

trn X eL_
< (const.)(det n)°*P tr(n)?".

Series (2) is now majorized by

Z (tl’ 77)qr (det n)a+p+re—21r try
neH} (0)
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Sinceoc+p+7=p—q+u >0, (trn)? det(n)°*tP*7 is a polynomial in the entries
of n and the convergence follows.
An identical argument using Lemma 2.4(ii) instead of 2.4(i) shows that for o <

—(p+(¢+1)r) and 7 = —0 — ¢+ u, u > 0, the series
3)

D det((X+Y)4, (X +Y)4)7 det((X +Y), (X +Y)) e 2mr(X+V:X+Y)

XeL
(X4Y,X+Y)>0
converges.

COROLLARY. The series

Z Oa b(X + Y)e—’hr tr(X+Y,X+Y)
XeL

converges for a +b > 2(qg+ 2)r.
PROOF. Since by 1.4(1)
[P0 (X)] < det(Xp, X4)(@40)/2491) gy x, X)o+b+p-0-7,

we can apply (3) with o = —((a+b)/2+p—r) and 7 = a+b+p—qg—r. The condition
a+b > 2(g+ 2)r guarantees that 0 < —(p+ (¢+ 1)r) and 7 = -0 — g+ (a + b)/2.
2.6. We consider here the convergence of the series

E ©ab(9(X + Y))e“2"tf(X+Y,X+y).
XeL

LEMMA. Let (X,X) > 0. Then
det’((gX)+’ (gX)+) < Ct’r(tgg)r det(X+’X+),

where C 18 a constant independent of X or g.

PROOF. Let A x
_ B _ [X+
o=(2 ) x=(3)

Then (9X)+ = AX. +BX_. Let Y, = AX,,Y_ = BX_. Then
H9X)+(gX)+ =Y Y4 +Y, Y- +Y_ Y, +Y_Y_.

Since (Y} — Y_)(Y4 — Y_) > 0, we have

(1) Y(9X)+(9X)+ <2074 Y4 +'Y_Y).

tY,Y,, 'Y _Y_ are Hermitian matrices and Y .Y, is positive. By simultaneous
diagonalizing we conclude easily that

det(*'Y .Y, +tY_Y_) < 2" max{det'Y Y, ,det'Y_Y_}.

Now . _
det(*Y 1Y) < tr(*gg)” det(*X + X )

and
det(*Y_Y_) < tr(*gg)" det(*X _X_) < tr(*gg)" det(* X + X ).

t=
g
The lemma follows from 2.6(1) and the above inequalities.
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COROLLARY. The series

Z Oap(g(X +Y))e 2 iX+Y.X+Y)
XeL

converges for a +b > 2(q+ 2)r.
PROOF. This follows from Corollary 2.5 and the inequality
det((9X)+,(9X)+) ™" < Ctr((g~1g™!) " det(X4, X4) 7}
which is a consequence of the lemma.

3. Some invariant theorems.

3.1. We parametrize the finite dlmensmnal irreducible representations of
GL(p,C) by their highest weights with respect to the lower triangular Borel sub-
group: (my,...,mp), my > mg > -+ > my, m; € Z, and we denote the corre-
sponding representation by A = A(my,...,mp). Let GL(p — 1,C) be embedded in
GL(p,C) as the subgroup H,_; ={(?,)|g € GL(p—1,C)}.

THEOREM (3.1) [Z, p. 186].
A(rnla a7np|H} 1 ZZ:A kl» )

where the summation runs over my > ky > mg > ky > -+ > kp_1 2> mp.
Let Aq 5 be the irreducible representation of GL(p, C) with highest weight
(ay...,a,0,...,0,=b,...,—b), a>0,b>0.
N’ [
T T

COROLLARY. Let m < p, and let GL(m,C) be embedded in GL(p,C) as the

subgroup
H, = {(9 E,,_m> ‘g e GL(m,C)}.

Then the multiplicity of the trivial representation occurring in g p|H,, 18 equal to
one when m = p — r and equal to zero when m > p —r.

PROOF. For an irreducible representation A(my,...,mp) let h(A) be the number
of nonzero entries among m;. By the preceding theorem A, p| H,_, has exactly one
irreducible summand 7 with h(r) < 2r — 2, 7 has weight

(ay...,a,0,...,0,=b,...,—b).
N’ [ —
r—1 r—1
By repeating this argument we get the conclusions of the corollary.

3.2. LEMMA (Z, p. 161]. Let X be an irreducible representation of GL(p,C)
with highest weight (my,...,m,). Let C(p) be the Casimir element of gl(p, C) and
A(C(p)) the scalar by which C(p) acts on the space of \. Then

C(p))—Zm + Y (mi—my).

1<i<j<p
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3.3. LEMMA. Let f(X) be a continuous function on M, ,(C) (r < p) such that
for g€ U(p) and o € GL(r,C)

f(gXa) = |det(a)|® f(X).
Then there exists a constant C such that
f(X) = Cdet(*XX)".
PROOF. By the Gram-Schmidt process, elements of the form gdn, with g € U(p),
dy
d= - :
d,
0

and n upper triangular and unipotent, form a dense subset of My,(C). Then

f(gdn) = f(d) = | det(d)|* f ((%))

= Cdet((*gdn)(gdn)) where C = f <(€'>> .

4. Construction of vector valued harmonic forms.

4.1. Let D be the symmetric space associated to the group G = U(p,q). A
standard realization is D = {Z € M(C)|(E, —'ZZ) < 0}. Let g = (55) €
G. Corresponding to the left action of G on G/K, G acts by fractional linear
transformation on D by ¢g-Z = (AZ + B)(CZ + D)~!. D can also be viewed as the
space of all maximal negative subspaces of C™. The point Z is identified with the
subspace spanned by the columns of ( EZq ). The matrix ( gq ) will be denoted by Z
and we let 5

Z+ ={Y eV|(Y,Z) =0},

where (, ) is the inner product introduced in §1.1. Given X € V, its component
in Z+ is
(1) Xgo=X-2(2,2)"Y2,X).
Given ¢ = (é 2) €G, let
j(g,Z2)=CZ + D.
Then _ ~
9Z = (92)3(g, 2).
From this it follows readily that

(2) (9X)z+ =g (X(g-12)2) -

4.2. Let A\""(D)z be the space of exterior differentials of bidegree (x,*) at Z.
The isotropy subgroup of G at Z denoted by Kz is isomorphic to Kz, = K = U(p)x
U(q) where Z; is the origin of D. By choosing an orthonormal basis of cotangent
space of D at Z, A""(D)z is isomorphic to A**(Mpe(C)) and furthermore the
action of Kz on A\“*(D)z identifies with the representation of U(p) x U(g) on
A"* (Mpe(C)). g,t as before are the Lie algebras of G and K and let g = t®m
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be the Cartan decomposition. Then My,(C) is also identified with m* and the
U(p) x U(q) action correspond to the dual of adjoint representation of K on m.

4.3. We consider a function of X € V', (X, X) > 0, with values in an r X r matrix
of differential forms of degree (1,1) on D.

(1) S(X,2) = (Xz1,dZ)(Z,2)"Y(dZ,X z.).
LEMMA. S(gX,Z)=S5(X,97'Z) forg€G.
PROOF. We have
9d(Z) = d(92)j (9, Z) + (¢Z) dj(9, 2)-

Since g’\Z(gZ)L = 0, we have by 4.1(2)
(X(g-lzw,d(g‘TZ)) ilg™", 2) = (X(g-lz)ag‘ldz)
= (g (X(g—lz).l.) ,dZ) = ((gX)ZJ.,dZ).

The lemma now follows from definition of S(X, Z).
We define a differential form of degree (gr,qr) on D depending on X € V.

(2) f(X,Z) = (det S(X, Z))".
For A € GL(r,C) we have

(3) (XA, Z) = |det A|**f(X, Z).
Let .

( 0 ) }o—r
Xo=| E;
0/ )
and Zy as before the origin of 0. Then
d2p_ry11 -+ dZp_ry1g4 dzp_r411 -+ dZp
S(Xo, Zo) = : : :
dzp1 - dzp 4 dZp—rt14 0 dZy
and a simple calculation shows
(4) fXo,Z0)=q'r! ] dajAndz;
p—r+1<i<p

1<5<q

where the products are exterior products. Let g* be the pullback of differential
forms by the map g acting on D. By the lemma we have

(5) f(9X,2)= (g7 f(X, 2).

In the following, we often work wit~h the pullback of f(X,Z) to G via the pro-
jection P: G — G/K. This pullback f(X, h) is related to f by

f(X,h) = P*f(X,hZy), h€G.
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We also denote by f(X,h) the vector valued function obtained by expanding
P*f(X,hZp) in a basis of left invariant forms in A**(m{). We then have
(6) () FX, hk) = Ad" (k™) F(X, h).
(i) f(gX,h) = f(X,g7"h).

4.4. Let {e;} be pluriharmonic polynomials on M,,(C) which form a basis of
the representation space V),

)\=(a---a,0--2;0,—,3~--—ﬂ), a,Be€Z, >0, f>0.
T n—ar r

Let {e}} be the dual basis for V). the contragredient representation. We define a
function of X € V', (X, X) > 0, with values in V) valued functions on D:

v(X,Z) =) e}(Xz1) ®e,
i
where €] (X z.) is the value of the pluriharmonic polynomial e on the vector X ..
By 4.1(2) we have

(1) gX Z) Ze X(g_lz)L))®e,-

—Z i) (Xg-12)+) @€

1

= Ze;“ (X(g—IZ)L) ® A(g)e;s
1

= Mg)v(X,97'2).
It follows from [K.V., III (6.3)] that

(2) v(XA, Z) = (det A)*(det A)Pv(X, Z).
We pull back v(X, Z) to a V) valued function on G by
(3) 5(Xa h) = ’\(h_l)v(X') hZO)

For © we have the following properties:
(1) (X, hk) = A(k™Ho(X, h), ke K.
(i) 9(9X,h) =5(X, g7 h).
4.5. Consider f(X,h)#(z,h). This is a vector valued form which by 4.3(6)(i)
and 4.4(4)(i) satisfies

F(X, hk)3(X, hk) = (Ad* @A) (k™) f(z,h)3(X,h), keK.

(4)

<

Let

arar .
(1) N (me) evi=PU:

i
be the isotypic decomposition into irreducibles under the action of K, and let

To: /\q o )*@Vy — U
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be the projection to the subspace Uy with K weight
(@---a,0---0,—b---—b;0---0)
N’ N, s N, e
T L q

where a = a+q and b = S+q. Clearly Uy has multiplicity one in the decomposition
4.5(1).
We define the vector valued form

(2) F(X, h) = mo(f(X, h)3(X, h)).
By the discussion in 4.2 there is a projection

(m2)o: N (D2) ®Va — (Uz)o

which corresponds to mo by the identification of Kz and K, and it is straightforward
to check that F'(X, h) is the pullback of the vector valued form on D:

F(X’ Z) = (WZ)O(I(X’ Z)U(X, Z))

We summarize the transformation properties of F (X, h) which are consequences of
preceding results.

(i) F(X,hk) = (Ad* @) (k" )F(X,h), keK.
(3) (i) F(gX,h)=F(X,97'h), ge€G.
(i) F(XA,h)=detA®detA F(X,h), AeGL(r,C).

4.6. We set up some terminology about pullback and pointwise inner products of
vector valued forms. Associated to the finite dimensional representation A: G — V)
there is a vector bundle E) = G xg V) — D (cf. [M.M.]). Condition 4.4(4)(i) says
precisely that ¥ corresponds to a section of the bundle Ej over D, i.e. v. Given a
map g: D — D we define a pullback g* of the bundle E)

g*: (Ex)gz — (E))z, ZED,
given by g* = A(¢~!). This induces a pull back of sections of the bundle E}:
(978)(2) = Mg™")S(92).
In this terminology 4.4(1) can be stated as
v(9X,Z) = (g7")"v(X, 2).
The pullback g* will be extended to vector valued forms and from 4.3(5) we have
(1) F(¢X,Z) = (g7')* F(X, 2).

E) has an admissible inner product ( , ) (cf. [M.M.]) here assumed to be
conjugate linear in the second factor. We let p): Ey — E} be the conjugate linear
isomorphism on each fiber determined by

(u,v)r = u(pa(v)),  w,v € (E))z.

To extend this inner product to vector valued forms, let * be the star operator on
forms defined by the invariant Kahler metric on D. Let o, 4 € C=(D, A*(D)®E)).
Then

or-@) € (0, N (0) @ Ef)
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and p4,pq
pApx-(w)eC™D, N\ (D))

where © A py- (1) is defined to be the exterior product of differential forms together
with the pairing of their vector coefficients. We use the notation

O ApA-(Y) = P A-xy.
Let 55,11; be their pullbacks to G. Then there is a pointwise inner product on
C®(G,\"*(mg) ® Va) (cf. [M.M.]) determined by
o(2) Nau(2) = (8(9), ¥(D)advp,  Z = gZo.
4.7. We now show that F(X, k) does not vanish identically.
PROPOSITION. Let e € G be the identity element. Then F(Xy,e) # 0.
PROOF. V) |K contains the irreducible subspace with K weight

r JA q
) ')Oa—ﬂ""v_ﬂ;oa"'ao)'

(o,...,,0
We may assume in §4.4, e} is the highest weight vector given by the harmonic
polynomial

e1(X) = fa,p(X4,X4),
where f, g is given by 1.2(2). Consider now the vector
P = H dz;; H dzi; ® e1.
1<i<r p—r+1<i<p
1<5<q 1<5<q
This is a highest weight vector of weight
r T
f————’—
(a+Qa a+q’ 0 ,B Q77—ﬂ_q70770)
Let (, ) be a K-invariant inner product on A% (mg) ® Va. To show that

To(f(Xo,€)5(Xo,€)) # 0, it suffices to have an element A € U(p) x U(q) such
that

(1) (f(Xo,€)5(Xo,¢), (Ad" ®A)(A)(¥)) # 0
or equivalently by 4.4(4)

(2) (Ad* (A7) f(Xo,€)B(A™" Xo,€), %) # 0.
We let

_1 1 E, Jr
A7 = E f \/§Ep—2r E X Eqa

where J; is the r X r matrix
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By 4.3(4)
A (AN f(Xo,e)=C [] da;n  []  dz
1<i<r p—r+1<:i<p
1<5<q 1<5<q

+ other terms

where C is a nonzero constant. And
3((A™ Xo,e)) = e} (A" Xo)+)er + -+

so that the coefficient of e; is nonzero. Since the {e;} are linearly independent the
desired nonvanishing (2) follows.

4.8. We can now define the basic E) valued differential form. Let X € V,
(X, X)>0

(1) w(Z) = det(X, X) det(Xz1,Xz1)°F(X, Z)

where s=—(a+b+p—r)andt=a+b+p—r—qasin 1.4. A consequence of
4.1(2) is

(2) det ((9X)z1,(9X)z1) =det (X(g—lZ)J.,X(g—IZ)J.) .
This together with 4.6(1) then implies
(3) wyx(2) = (971) wk(2).

The pullback of w}(Z) to G is again denoted by W (g). In the following a
harmonic form refers to a form which is closed and coclosed.

THEOREM. w(Z) is a E) valued harmonic form of degree (rq,rq) on D which
satisfies
(i) invariance under Gx;
(i) has Kz type
(ay...,a,0---0,=b,...,—b;0,...,0)
N e’

N’ N—
r r q

at each Z € D;

(iil) @% (g) us square integrable over Gx \ G.

Conversely any E valued harmonic form on D satisfying (i) and (ii) i3 a constant
multiple of wy(Z).

PROOF. The Gx invariance of w} follows from (3). The Kz type of w}(Z)
corresponds to the K type of @) (g) given by 4.5(2). To prove harmonicity we

first compute formally the Casimir action on &% (g). Let I(C(p,q)) be the induced
action of Casimir on C®(G, A\?""" (m§&) ® V). By (3)

I(C(p, )X (9) = UC(p,0))5k (9)

where !(C(p,q)) as in 1.1 is the action on W% as a function of X. Since I(C(p,q))
commutes with left G action we need only compute at ¢ = e. But by definition

W% (e) as a function of X is in the space considered in Corollary 1.3 and so

I(C(p,q))ax(9) =r{(p—r+a)(a—q) + (p—r+b)(b—q)}k(9)-
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By Lemma 3.2 we also have
AC(p,q)) =r{lp—r+a)la—q) +(p-r+b)(b—q)}.

Thus Kuga’s lemma [B.W., II] formally implies that @ (g) is V) valued harmonic

form. However to apply Kuga’s lemma we still need to show that the coefficients

of @} (g) are in a unitary (g, €) module. This will follow when we prove (iii).
Consider

det(X, X) 2w (Z) A +awx(Z) = det(Xz1,Xz1)*F(X,Z) A *\ F(X, Z).
Let
F(X,Z)A*3F(X,Z) = h(X, Z) dvp.

Since the dependence of F(X, Z) on X is only on the component X ., h(X, Z) is
a function of Z and Xz.. Furthermore by 4.5(3)(iii)

h(XA, Z) = det(A)*+D) (X, Z)
and clearly

h(kX,Z) = h(X, Z), ke Kz.
Now Lemma 3.3 implies that

h(X,Z) =a(Z)det(Xz.,Xz.)*TP.

By 4.5(3)(ii) a(Z) must be G-invariant and thus constant. We have shown
(4)  det(X,X)"ZwX(Z) A +awX(Z) = Cdet(X 1, X 71) 2P~ (a+8) gy,
For a given X € V, (X, X) > 0, we can find g € G and A € GL(r,C) such that
(5) 971X = XoA.
Then by (2)

det(X 71, Xz1) = | det AP det (Xo,, . Xo, 1. ) -

Let I'x C Gx be a uniform discrete subgroup. Then
(6) det(X s, Xz1) 2P0 (040 gy
'x\D

_ IdetA|—2(2(p—r)+(a+b))/ det (XOZMXOZL)_z(p_r)_(Hb) dvp.
g~ 1T'xg\D

g~ 1T xg is a uniform discrete subgroup of Gx,, and it follows from Appendix A.2(1)
that the above integral is convergent. This shows that (&% ,@%)x is integrable over
Gx \ G or equivalently the coefficient functions of &% (g) are square integrable over
Gx \ G. This proves (iii) and also the harmonicity of w.

It remains to prove the uniqueness part of the theorem. Let w(Z) be a differential
form satisfying (i) and (ii). Now Gx N Kz ~ U(m) x U(q) where m > p —r. If
m > p —r by Corollary 3.1 w(Z) vanishes at Z. If m = p — r we again apply
Corollary 3.1 and in either case

w(Z) = b(Z)wx(2)
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where b(Z) is a scalar function. Since w(Z) is harmonic
db(Z) AwX(Z) =0, db(Z)A.,wx(Z)=0.

At a given Z we expand in a basis of Vj:

wk(2) =) wi(2)e.

If w;(Z) # 0, we can choose coordinates at Z so that w;(Z) and *w;(Z) are multiples
of the complementary differentials of degree (gr, gr) and (g(p—r), g(p—7)). It follows
immediately that db(Z) = 0, so b(Z) must be constant and the proof is finished.

5. Geometric duals to vector valued harmonic forms on I' \ D.

5.1. Let k,Wg,W,Vk,(, ),V, Lo, L,L* be as in 2.2. Let G be the unitary group
of (W,(,)) and

I' = {~y € G|vLo = Lo, ~ acts trivally on L*/L}.

I'\ G is noncompact but has a finite volume. In this section to avoid complications
we assume that I' is neat which can be achieved by passing to a subgroup of finite
index. The geometric interpretations can be carried over to V manifolds with
additional complications. Now I' \ D is smooth. Let X € V4, (X,X) > 0,Tx =
I'NGx, T'ixy =T NG(xy where G(x) is the subgroup of G leaving the subspace
(X) invariant. By our hypothesis on I' we have I'x = I'(x). Recall that D may be
parametrized by maximal negative subspaces in V', then we set

Dixy = {(Z) maximal negative subspace |(Z) L (X)}.
then T'(x)\ D(x) is also smooth and has finite volume. By 4.8(5) we have g~'X =
XoA; it follows that Dixy = gD(x,)- Let P:T'(x)\ D — T\ D be the projection.
Then P|r ,,\ D(x) is generically one to one and C(x) = P(T'(x)\ D(x)) is an alge-
braic subvariety in T'\ D [T.W.4, §4]. dimc C(x) = (p —r)q.
5.2. Let X € Vi, (X, X) > 0 as above. We consider the series
1) W= Y, Twk.
~ET x\I'

LEMMA. Ifa+b> 2((n+ 1)r —p) then (1) converges absolutely on T\ D. If in
addition p > 2r then (1) s square integrable on T'\ D.

PROOF. By 4.8(4)
WX (2) A sAwk(Z) = Cdet(X, X)~2P+e+b=a=7) det(X ;. , X ;. )~ 2(P=7)=(a48) gy 5.
Thus the square integrability of (1) will follow from that of
(2) > A det(Xgu, Xpu) (P (adb)/2,
YETX\I'
By 4.1(1) we can write
(X(g20)4> X(920)+) = (X, X) + (g7 2)Ro (97" X)
where Ry is a positive Hermitian matrix. We have by Lemma 2.3(i)

det((X,X) +*(¢~*X)Ro(97" X))

> ) (X, X) + o T Ral ™))

We can now apply [T.W.5, Proposition 1.14] to finish the proof.
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REMARK. It follows from Corollary 2.6 that &% converges absolutely for a+b >
2(g + 2)r which is a better result than the above lemma when r > 1. We need the
lemma mainly for its conclusion on square integrability.

5.3. We assume from here on in §5 that a + b > 2((n + 1)r — p) and p > 2r.
Then &% is a square integrable harmonic form on I' \ D with coefficients in E). Its
cohomology class is denoted by (%] € HI"9"(T'\ D, E)) where H**(M, E) refers to
Dobeault cohomology with coefficients in E). We discuss briefly what is meant by
the geometric dual of a vector valued harmonic form. When E) = C, the geometric
dual is just the Poincaré dual. But in this case wx no longer converges. For ¢ =1
a method of analytic continuation was used in [T.W.1] to obtain harmonic forms
whose Poincaré dual is the primitive component of the cycle Cx). In general when
E, # C, and when convergence does hold the geometric dual we seek will be given
by a section 0% of the bundle E) which is supported on C(xy. f '\ D is compact

0% defines a linear functional on H4(P=7):a(P=7)(T"\ D, E}) by

p = 0'3\( (‘p|C<x)) .
Cix)

By Serre duality 0% determines a cohomology class in H9™97(T'\ D, E,) and we will
have [0%] = [@x] which follows from the identity

o [ okne=[ ok (elow):
r\»D Cix)y

In the present noncompact case (1) will only be proved for ¢ which are square
integrable and a cusp form.

5.4. Let AY"7"(m&)®Vy = @, U; be the isotypic decomposition into irreducibles
under the action of K as in 4.5(1) and let m;: A" (mg) ® Vi — U; be the
projections. Then the 7; commute with (Ad* ®)(k), k € K, and hence by [M.M.,
Proposition 9.1] there is a corresponding decomposition of harmonic forms

HI9(T\ D, Ey) = @Hfr’qr(F \ D, E»)

where HI"% (' \ D, E)) is the space of harmonic forms which has Kz type U; for
each Z € D. For A = Ay 8, Up is K type defined in §4.
Recall that the vector function v(X, Z) satisfies

v(9X, Z) = Mghv(X, 97" 2).
In particular for g € Gx

v(X, Z) = Mg)v(X, 97" Z).
This shows that v(X, Z) is a well-defined section of Ej over I'(xy \ D(xy. Via the
projection map P: I'(xy \ Dix) — C(x) we get a section o’ of Ey over C(x). We
use the same notation 03\{ for the section over I'(xy \ D(x). The section is locally
constant. This is because of the identification of D x V) with G xg V.

5.5. LEMMA. As in 4.8(5) let g € G and A € GL(r,C) be such that g71 X =
XoA. Then
(@%(9), @X(9)r = det(X, X)***Co

where Cq 1s a constant independent of X.
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PROOF. By 4.8(3), 4.8(1) and 4.5(3)
*~ ~ ~ =B ~
g X (g) = w;\_lx(e) = 0k, a(€) = det A*det 4 X, (€)-
Now det(X, X) = det(XoA, XoA) = | det(A)|? and since the inner product (, )» is
invariant under g*, we have
(@%(9), @3 (9))x = det(X, X))+ (&, (€), D%, (€))a-

The lemma follows with Co = (W, (€), @, (€))a-
5.6. In the following we fix the Haar measure on G(x) such that

vol(T(xy \ G(xy) = vol(T'(xy \ Dixy)-
LEMMA.
/ (@ (h). B(k) dh =c [ A
F(x)\G(xo) T (x0)\Dixq)
where $(h) € Uy, for each h € G and c is a constant independent of ©.
PROOF. Since @(h) € Uy, we have

(@%, (h), B(R)a = (mo(f (X0, h)8(Xo, h)), B(R))A
= (f(Xo, h)9(Xo, h), B(h))a.
And by definitions,
(1) (f(Xo, B)5(Xo, h), 3(R))r dvp = f(Xo, Z)v(Xo, Z) A *x p(Z)

with Z = hZy. Now let dvr be the volume element along the fibers as in A.2. Then
by 4.3(4)
f(Xo, Z0) = c(dvr) z,

and since both are G, invariant and G (x,) acts transitively on Dx,) we conclude
f(Xo,Z) = cdvr on Dix,y.
It follows that along Dx,)

(2)  S(Xo, Z)v(Xo, Z) Arp(Z) = (Xo, 2)0(X0, 2) A (5 (#(2)Ioxyy )

where *xp(Z)|p,,, denotes the pullback of this form to D;x,). This is because the
components of *)¢(Z) with differentials in the direction of F' are annihilated in the
exterior product with f(Xp, Z). Next by A.2, we also have

3) dvp = dvr A dvp(xO) along Dx.).

(Note that this is an equality of the volume forms along D(x,), not the pullback of
these forms to Dx,).)
From (1)-(3) it follows that

(f(XO) h’)’a(XOs h)) ‘b(h))/\ dvD(xo) = CU(X(l’ Z) (*A¢(Z)|D<xo))

and the lemma follows.
5.7. We now prove the identity 5.3(1). It will suffice to assume a +b > 2(q +2)r
to have absolute convergence of &% (cf. Proposition 6.2 and 6.3(3)).
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THEOREM. Let ¢ be a harmonic cusp form, [p] € H9"("'\D,E)). Leta+b >
2(q¢+2)r. Then

/ WX A *ap = Cz/ ox (:aple)
r\p Cixy

where Cq 18 a universal nonzero constant.

PROOF. We first claim that by our hypothesis

/ |wy A *xp| < 00.

This is because ||| is bounded while ||w || < det(Xz1,Xz1) (P —(a+b)/2 by
4.8(4). By Appendix A.2(2) the above integral converges if —(p —r) — 3(a +b) +
p+¢q < 1. This follows easily from the hypothesis on a+b. The unfolding argument
then implies

1) / DY Arap = / Wy Arap = / (@ @) dg
r\D Tx)\D Lx)\G
- / ( / (@ (hg), &(hg))x dh) du(g)
G(x)\G T'xy\G (x)

- / (a;((g), / ¢(hg)dh) du(g)
Gx)\G T'x)\G(x)

A

where the last equality follows from the G x invariance of @% (g). Note that (&%, ©)x
depends only on the component of ¢ which has values in Up. So we may assume
o(g) €Up, g €G. Let

Bx(g) = / &(hg) dh.
T (x)\G(x)

Then ®x(g) is a harmonic form satisfying conditions (i), (ii) of Theorem 4.8. We
therefore conclude

dx(g) = CxX(9).
We assume temporarily that X = Xy. Then by Lemma 5.6

/ (% (), B(W)r dh = C oo (130l00xey
T(x0)\G(x¢) T(x0) \Dixo)
and it follows that
T, (@, (€), %, (¢) = C %o (3¢10x) ) -
T(x0)\Dix0)

This shows that up to a universal constant C; which is independent of ¢

= A
Cxo = Cl/ I, (*WID(xo)) :
T (x0)\Pixo)
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Now (1) may be evaluated by

(3) / w, A *ap = Cx, / (@, (9), @, (9)) dnalg)
I‘(Xo)\D G (xg)

A
= 02/ X, (*A¢|D<xo>)
T(x0)\D(x0)

where C, is another universal constant. This proves the theorem for X = Xo. The
general case reduces to this special case by the identities:

g*wy = (det A)*(det Z)ﬂwﬁ‘(o,
g*ox = (det A)*(det 4)Po%,

where g71X = XA, so that

/ wx A*ap = / (g"wx) A *A(g°p)
T'x)\D T(xg)\D

= det A% det A” Wy, A*A(g")
T(xg)\D

= Cydet A% det Zﬁ a';‘{o (*)‘g*(p)
T(x0)\Dixo)

-a [ (6°0%)(520°0)
T(x0)\D(x0)

= Cz/ ox (*2p).
T x)\D(x)

6. Theta functions and correspondence.
6.1. Recall [T.W.5, §3] that the symmetric space of U(J;) can be realized as

X, = {r € M,,(C)|r — 7*/v/-1 > 0}.
Let g = (%4) € U(J,) where a,b,c,d € M,,(C). Then g acts on ¥, by
g7 = (a7 + b)(cr +d)™ L.
An element 7 € ¥, can be expressed uniquely as
r=u++v—1lv, withu=u* v=0v" v>0.
Let

,Ul/2 ’U/U—l/2
Or = ( 0 ’U_l/2 € U(Jr).

Then o, - (V-11I,) = 7.
We have automorphic factors

J(g, T) = (Jl (g’ T)v J2(ga T))

where
Ji(g,7) =a—(g7)c, J2(9,7) =c7 +d,
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and the identities
J(k(z,9), V=11I;) = (z,y),
J(o7, Vv—1I,) = (vl/z,v_l/z).
6.2. Consider the function (cf. 1.5)
1(9)Pap(X)e 2™ (XX) = o, (g7 X )e ™2 tr( XX,
Since I(g) commutes with ro(g) we have by Corollary 1.5
(1) ro(K(2,))Pap(g7 ' X)e 2T (XX
= det(z)® "9 det(y) TP bpg 5 (g7 X)e 2T (XX

Let a(z,y) = det(z)?~9 det(y)P~°. Then from 6.1
(2) a(J (o7, V=1I,)"1) = (det v)(9-P=2=0)/2,

As in §2.2 let O be the ring of integers of the imaginary quadratic field k¥ and L, L*
be the O lattices. Let N be a positive integer such that NL* ¢ L, N(XX) =0(20)
for X € L* and let

'(N) = {(‘C’ Z) cUWL)O)a=d=I(N), b=c=0 (N)}.

We denote by x() the character of V() given by (cf. [T.W.5, 11.7(1)])
X(7) =e(y) 7 det(d)|™ Y eftr(l,ibd™1)]

leL/Ld*

where
() { i~7(P=9) det(c)"| det(c)| ™™ if det(c) # 0,
’7 =

| det(a)|™ det(a*)~™ ife=0
and e[z] = ™2,

PROPOSITION. Let a +b > 2(q + 2)r and define

o\ ThZ)= Y wx(Z)e[tr(X,X)r].
X=h(L)

Then for y € T'(N)
(X7, h, Z) = x(Ma(J (v, 7)TO(A, 7, b, Z)
where a(J(v,7)~1) = det Jy (v, 7)97% det Jo (v, 7)PFP.
PROOF. Let gZy = Z and set
(M1, h,2) = Z (det v)(97P=370)/ 210 (0, )pq p(g 7t X )™ 2m (XX,

X=h(L)
Then we claim that for v € I'(N)
(3) 61X, 7, b, Z) = x(Na(J (1,7) )01 (7,7, b, Z).

This transformation formula follows formally from 6.2(1) and [T.W.2, Proposition
1.5]. The only difference is that pq45(g~X)e2"(X:X) is not a Schwartz function
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in X since (X, X) is indefinite. However, the necessary convergence requirements
for 6, has been shown in §2. In particular by Corollary 2.6 pq 5(g~ 1 X)e=27 tr(X.X)
satisfies the Poisson summation formula [R.S.2, p. 1060, (A), (B)]. The transfor-
mation can then be derived as for Schwartz functions.

Note that the key step in the proof of [R.S.2, Theorem 1.5] is the convergence
of their (1.19). But this is the content of our Corollary 2.6. We refer to [R.S.2] for
details which are omitted here.

Next by [T.W.2, (1.10)]

70(07)ap(g ™t X)e 2 tr(X:X)
= det(v)(P—Q+a+b)/2¢a’b(g—IX)e27ri tr(X,X)7_
Thus

6:(\, 7, h,9Z0) = Z Pa (gL X)e2m X X)T
X=h(L)

Finally since w (92o) = w;\_l x(Zo), and w*(Zp) as a function of X is contained in

the K span of g, 5(X), the proof of the proposition is complete.
6.3. Let

H,(k) = {r x r Hermitian matrices with coefficients in &},
H,(NO) = {r x r Hermitian matrices with coefficients in NO},
H(NO) = {n € H, (k)| tr(nH,(NO)) C Z}.

Givenn € H(NO),n > 0 and h € L*, we have a decomposition into finitely many
T orbits.

l
Lyn={X€L", X =h(L)|(X,X)=n}=JTXi.

i=1
We denote
i
(1) Cy =) Cixyy-
i=1
Similarly we set
b) Gp= D> wk
XEL,,‘),
Then l
by =D 0%,
i=1
where
Ok, = Z Y wk, -
'YGFX,'\F

By Theorem 5.7 the cohomology class of d};\, is represented (in terms of currents)
as a sum of the sections ”3‘(.- supported over the cycles Cx,), 1 <¢ < [. We can
rewrite the summations in (A, 7, h, Z) in the form

3) AT hZ) = Y &) (2)eltr(nr)],
resieo
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where the fact that we sum over n € H}(NO) follows from the transformation
formula of Proposition 6.2.

The correspondence of Hermitian modular forms for I'V(/N) and harmonic forms
on I'' \ D follows immediately from this formula. Namely let S, g(I'(N), x) be the
space of holomorphic cusp forms on ¥, satisfying, for v € I'V(N),

f(r) = x() det Jy (v, 7)* det Ja (v, 7)° £ (7).

Then (cf. [T.W.2, §3]) if a + 8 > 4r — 2 the Poincaré series associated to n €
HI(NO),n >0,

$n(r) = D x()7'detJi(y,7) " det Jo(y,7) Peltrnyr],

YETL,\I'(N)
YR Y +1 ﬂ
I‘OO—F(N)O{(O il)

is absolutely convergent. Furthermore ¢, (7), n > 0, span the space S, g(I'"(N), x).
The Peterson inner product on Sy g(I'(N), x) is given by

(p1,02) = / ¢_1(r)¢2(7') det v®* =P~ {du} {dv}.
T (N)\Xr

peHwo)}.

A form ¢ € S, 5(I'"(N), x) has Fourier expansion
$(r)= Y a(meltr(nr)

neH:(NO)
n>0

and a standard property of Poincaré series (cf. [T.W.2, (3.13)] gives
(4) (¢n,9) = Cdetn®~Pa(n)

where C is a universal constant independent of ¢ and 7. This same calculation
shows that if « =a — q, = b+ p, then

(5) (B0, 0(\,7,h, Z)) = Cdetn?~P~2700(2).
We summarize the preceding discussion in the following theorem.
THEOREM. Let a+b> 2(q+ 2)r. Then there s a lifting

L: Sa—gp+p(T'(N),x) = H"¥ (T \ D, E»)

given by
L(¢) = (¢,0(\, 7, h, Z)).
In particular on a Poincaré series ¢y, the image is
L(¢,) = Cdetn?~P7%g)

where C is a nonzero constant independent of 7. ob;\, is square integrable when

p>2randa+b>2((n+1)r—p).

REMARK. The results in [T.W.2, 4] correspond to the case a = b = q =
1 and the result in [T.W.3] corresponds to the case a = b = ¢ = 2, r = L.
The convergence of 0(~,7,h, Z) fails in these cases and that is one of the reasons
for the analytic continuation methods used in [T.W.3]. In [T.W.4] a different
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approach is used to directly construct the adjoint of L which bypasses the analytic
continuations. However, none of these previous methods allows us to conclude the
nonvanishing of these liftings.

6.4. Let a+b > 2(g+2)r. Then w(Z)e[tr(X, X)r] is absolutely summable over
the lattice Lf, and so by [T.W.5, Lemma 13.24] there exist a multiple L of Lj and
h € L{/L such that

BN\ h2) = > wx(Z)eltr(X, X)r] #0.
X=h(L)
This implies by 6.3(3) that
Z of);\,(Z)e[tr(nr)] #0.

n€H;(NO)
n>0

Hence there exists n € H}(NO), n > 0, such that ciz;\, # 0. Once L is chosen we

also have L*, and then I' is determined as in 5.1. d),’,‘ is thus a nonzero harmonic

form on I' \ D. Similarly I''(N) is determined as in 6.2. Theorem 6.3 then shows
that ¢, # 0.

PROPOSITION. Let a +b > 2(q + 2)r. Then there exist a multiple L of Ly,
h € Ly/L, and n € H}(NO) such that &) is a nonzero harmonic form on T \ D
where T' = {y € G|vLo = Lo, acts trivially on L*/L}.

Appendix. We prove two technical results which are used in the paper.

A.l. Asin §2.1 let X € Mp,(C),{dX} the Euclidean volume element and ¥ —
XX = (X,X) € H} the domain of positive Hermitian r x r matrices. {dY} is the
corresponding Euclidean volume element. Let f be a function of (X, X).

LEMMA.

(X, X)) {dX} = C, f(Y)detY?™" {dY}.
/x(f(l‘gg)g) /YeHr+

PROOF. For any X € M), (C), there exist 7 € U(p) and o € U(r) such that

X = T(D(()/\)>0' where D()) = diag(A1,..., ).

In terms of this decomposition we have (cf. [W.1, 5.11])

{axy=cJ[N®" ] 02-23)T] d0?)dodr.

1=1 1<i<y<r 1=1
Now Y = 0*D(A?)o and by [H, (3.3.2)]
{dy}= [ QZ=-2H]] d)*do.
1<i<j<r i=1

This proves the lemma.
A.2. Notations are as in 4.8(6). We consider the convergence of

—2(p—r)—(a+b
(1) /Fx \Ddet (Xo,.,Xo,, ) 2777+ gy
o]
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where I'x, is a uniform discrete subgroup of Gx,. The argument is identical to
that of the real case [W.1, (4.16)]. First of all we have

B(2)
det (XOZJ-’XOZL) = m
where A(Z) = det(E —tZZ) and B(Z) = det(E —tZ,Z;). Here we let
211 21q
Z1 = ;
Zp-r-1 Fp-r q
0
and
0
Z, = Zp—r+1 1 Zp—r+lgq
zp 1 DAY zpq
Next

dvp = (BJA)PT dUD<x0> dvp
where duvp,, | = (B)~(p+a=7) {dZ;} is an invarinat volume element of Dix,), and
dvp = A™"(BJAY {dZ5)

is an invariant volume element along the fibers of D — Dx,). Since (A/B) and
dur are Gx, invariant

B 8 B S+p—r
2 / (——) dvp =/ (—> dvp,, , dvp
( ) l"xo\D A T'xo\D A (X0)

= VOI(FXO \ D(x0>)/ det(E —_— tZ272)—(s+p+q) {dZ,}
123

where D; = {Z2|'Z2Z5 < E,}. By [H, p. 40| the integral converges if s+p+¢ < 1.
For applications to (1) above we have s = —2(p —r) — (a + b) which guarantees the
inequality since p > 2r and a + b > 29 > 2.
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